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FREE DIVISORS AND RATIONAL CUSPIDAL PLANE CURVES 


ALEXANDRU DIMCAi AND GABRIEL STICLARU 


Abstract. A characterization of freeness for plane curves in terms of the Hilbert 
function of the associated Milnor algebra is given as well as many new examples 
of rational cuspidal curves which are free. Some stronger properties are stated as 
conjectures. 


1. Introduction 

A (reduced) curve C in the complex projective plane is called free, or a free 
divisor, if the rank two vector bundle T{C) = Der{—logC) of logarithmic vector 
helds along C splits as a direct sum of two line bundles on P^. Note that C is a free 
divisor exactly when the surface given by the cone over C is free at its vertex, the 
origin of C^, in the sense of K. Saito who introduced this fundamental notion in |21j . 
See also [3]. 

A curve C in P^ is called cuspidal if all of its singular points p are generalized 
cusps, i.e. the analytic germs {C,p) are irreducible. If d is the degree of C and m 
is the maximal multiplicity of the singular points of C, then C is called a curve of 
type {d,m). Let k, be the total number of cusps. Only one rational cuspidal curve 
with four cusps is known, the quintic with cuspidal conhguration [(23); (2); (2); (2)], 
in other words singularity types 3A2 + Aq. It is conjectured that k < 3 for rational 
cuspidal curves of degree d> 6, see [IH] for more details. 

Several classihcation results for rational cuspidal curves have been obtained and 
some of them are recalled in the third section. They lead to series of rational cuspidal 
curves, which have sometimes additional properties, e.g. some of these curves are 
projectively rigid. 

In this note we investigate a stronger property for these series of curves, namely we 
search among them the free divisors. This is motivated by the fact that the number 
of known examples of irreducible free divisors seems to be very limited: the Cayley 
sextic as described in [21] and the family of rational cuspidal curves with one cusp 

( 1 . 1 ) Cd: fd = y‘^~^z + x‘^+ ax‘^y'^~‘^+ bxy‘^~^+ cy‘^ = 0, a^O 

of type {d,d — 1) for d > 5 described in [2S|. Recently, R. Nanduri has constructed 
a new family of irreducible free divisors of degree d > 5, containing the family fll.ip 
and consisting of curves having a unique singular point p, of multiplicity m = d — 1, 
with possibly several branches at p, see [20], especially Remark 2.4. The family fll.ip 
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as well as the family constructed by Nanduri consist only of rational curves in an 
obvious way (i.e. the variable 2 ; occurs only with exponent one in the corresponding 
polynomials). For the Cayley sextic the rationality is noted in Remark 3.3 in |2l], see 
also |23]. These examples and those given in the present note suggest the following. 

Conjecture 1.1. An irrreducible plane curve of degree d >2 which is a free divisor 
is a rational curve. 

For free divisors involving several irreducible components, it is easy to construct a 
free divisor C with at least one irreducible component which is irrational using the 
recent construction by J. Valles in [28], e.g. 

(1.2) C : f = xyz{x^ + - 27x^y^z^] = 0. 

In the second section we find new properties of the free divisors in P^: a numerical 
characterization of freeness in Theorem 12.31 and Conjecture 12.71 and the fact that for 
a free curve C : / = 0 its degree d and the total Tjurina number t{C) determine the 
Hilbert function of the graded Milnor algebra M{f), see Theorem 12.51 We also give 
information on the possibile values of the total Tjurina number t{C) in terms of the 
degree d, see Theorem 12.81 This results also explains why a rational cuspidal curve 
which is free of degree d > 6 must have some non weighted homogeneous singularity, 
i.e. the Jacobian ideal J/ is not of linear type. 

In the third section we collect, for the reader’s convenience and to fix the notations, 
some classification results of rational cuspidal plane curves due to various authors. 

This classification is used in the forth section to construct new families of irre¬ 
ducible free divisors in P^, namely an inhnite series in Theorem 14.61 of rational curves 
having two cusps, and the beginning curves in three potentially infinite series in 
Example 14.11 Example 14.31 Example 14.41 and Conjecture 14.51 All these curves have 
type {d, m) with m < d — 2, hence they are distinct from the curves in fll.ip or in 
Nanduri’s family in [20]. We also list all the free rational cuspidal curves of degree 6 
in Example 14.21 

The computations of various invariants given in this paper were made using two 
computer algebra systems, namely CoCoA [5] and Singular [6], and play a key role 
especially in the final section. The corresponding codes are available on request, 
some of them being available in [26] . 

The first author thanks Aldo Conca for some useful discussions. 

2. Free divisors and Milnor algebras 

Let / be a homogeneous polynomial of degree d in the polynomial ring S = 
C[x,i/, 2 ;] and denote by fx,fy,fz the corresponding partial derivatives. Let C be 
the plane curve in P^ defined by / = 0 and assume that C is reduced. We denote 
by Jf the Jacobian ideal of /, i.e. the homogeneous ideal of S spanned by fx, fy, fz 
and denote by M{f) = S/Jf the corresponding graded ring, called the Jacobian (or 
Milnor) algebra of /. Let If denote the saturation of the ideal Jf with respect to 
the maximal ideal (x, y, z) in S. 
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Consider the graded 5—submodule AR{f) C of all relations involving the 
derivatives of /, namely 

p = {a,b,c) e AR{f)m 

if and only if af^ + bfy + cf^ = 0 and a, b, c are in Sm- We set ar{f)k = dim AR{f)k 
and m{f)k = dim M{f)k for any integer k. Then C is a free divisor if AR{f) is a 
free graded S'-module of rank two. 

Recall the following basic fact, see |25], [23], [T2] . 

Proposition 2.1. Let C be the plane curve in defined by f = 0 and assume that 
C is reduced and d = deg(/). Then the following hold. 

(i) The curve C is a free divisor if and only if If = Jf. 

(a) The curve C is projectively rigid if and only if the degree d homogeneous compo¬ 
nents If^d o,nd Jf^d coincide. 

In particular, any free divisor is projectively rigid. 

We recall also some definitions, see [Ill- 

Definition 2.2. For a plane curve C : / = 0 of degree d with isolated singularities 
we introduce three integers, as follows. 

(i) the coincidence threshold 

ct{f) = max{g : dim M{f)k = dim M{fs)k for all k < q], 

with fs a homogeneous polynomial in S of degree d such that Cs : /^ = 0 is a smooth 
curve in P^. 

(ii) the stability threshold st{f) = min{g : dim M{f)k = t(C') for all k > q}, where 
t{C) is the total Tjurina number of C, that is t{C) = X]i=i p®*)- 

(hi) the minimal degree of a syzygy mdr{f) = min{g : H‘^{K*{f))q ^2 7^ 0}, where 
K*[f) is the Koszul complex of fx, fy, fz with the natural grading. 

Note that one has for j < d — 1 the following equality 

(2.1) ARU), = 

We set er{f)j = dimi/^(iC*(/))j +2 for any j, the number of essential relations among 
the partial derivatives of /. It is known that one has 

(2.2) ct(/) = mdr{f) + d — 2, 

It is interesting that the freeness of the plane curve C can be characterized in terms 
of these invariants. Let T = 3(d —2) denote the degree of the socle of the ring M{fs). 

Theorem 2.3. For a plane curve C : f = 0 of degree d > 4, the following are 
equivalent. 

(i) C is free; 

(ii) the equality 

m{f)2d-5-j + ar{f)j = t{C) 

holds for any integer j with —l<j<d — 2 and ar{f)d -2 7^ 0. In particular 

st{f) = 2d — 4 — mdr{f) = T — ct{f). 
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(in) one has m(/)jTj +m(/)^_jTj — m(/s)[T] = r(C'), where \^] denotes the integral 
part of ^. 


Proof. The fact that the two last formulas in (i) are equivalent follows from (I2.2p . 
Moreover, if C is free, then If = Jf, and Proposition 2 in implies that 

dimM(/)fc = t{C) 

for all A; > g if and only if g = T — ct{f). The definition of st{f) implies that 
st{f) = T — ct{f). Note also that 

m{f)k > m{f)k+i > t{C) 

for k > 2d — 5 hj Corollary 8 in |1]. This implies the formula for st{f ) given in (ii). 

Now we pass to the proof of the theorem, by showing that (i) is equivalent to 
(ii). Consider the rank two vector bundle T{C) = Der{—logC) of logarithmic vector 
fields along C. By dehnition, C is free if this bundle splits as a direct sum of two 
line bundles on P^, and this happens exactly when 

(2.3) H\¥\T{C){k)) = If,k+d/Jf,k+d = 0 

for any A;, see Remark 4.7 in [T2] . 

Using the results in the third section of [12], we know that 

and h%{T{C){k)) = ar{f)k+i, h\{T{C){k)) = ar{f),_,_k. 

It follows that we have 

(2.4) h^((T(C')(A:)) = ar{f)k+i + ar{f)d- 5 -k - r{C) + “ 

Recall that one has 

ho/ = h,T-j/ Jf,T-j 
for any j by m, 0. Corollary 4.3 in [S] shows that in order to check fl2.3p . it is 
enough to consider only the case 

-3<k<T/2-d=^-3<d-A. 

If we make the substitution k = d — A — i, then 0 < A < d — 1 and the above formula 
becomes 

(2.5) hh{T{C){k)) = ar{f)d- 3 -i + ar{f)i_i - t{C) + 2 *) 2^)’ 

Note that both indices d — 3 — i and i — 1 are in the interval [—2, d — 2]. On the other 
hand, for j < d — 2, Theorem 1 in [8] and (12.11) imply that 

(2.6) arif)j = m{f)d-i+j - m{fs)d-i+j. 



It follows that 

(2.7) ar{f)d-3-i = m{f)2d-4-i - m{fs)2d-4-i = m{f)2d-4-i 
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This gives 

h\{T{C){k)) = m{f)2d-4-i + ar(/)i_i - r(C'). 

Assume now that ar{f)d -2 = 0, which clearly implies st{f) < d — 3. Note that 
for any plane curve C : / = 0 of degree d one has ct{f) < st{f) if d is even and 
ct{f) — 1 < st{f) if d is odd and st{f) = [T/2]. It follows that either ct{f) < d — 3, 
which is a contradiction, or ct{f) = st{f ) + l = d — 2 and d — 3 = [T/2], which is again 
a contradiction. This clearly completes the proof of the fact that (i) is equivalent to 

(ii). 

To show that (ii) is equivalent to (hi), use Corollary 4.3 in [9] which shows that it 
is enough to consider only the case k = [^] — d. Then the equality in (ii) transformed 
using the formula fl2.6l) yields the formula in (iii). □ 

Remark 2.4. To prove in a quicker (but perhaps more mysterious) way the fact that 
(i) is equivalent to (ii), one may alternatively use Corollary 4 in [10]. This result also 
implies that for a free divisor C : f = 0 one has 

m{f)2d-5-j + er{f)j = r(C') 

for any integer j. 

In fact, for a free divisor C : f = 0, the dimensions m{f)j are completely deter¬ 
mined by two invariants, namely the degree d and the total Tjurina number t{C). 
More precisely, one has the following result. 

Theorem 2.5. Let C : f = 0 be a free divisor of degree d and total Tjurina number 
t{C), which is not a pencil of lines. Let di and d 2 with di < d 2 be the degrees of 
two homogeneous generators of the free graded S-module AR{f). Then the following 
holds. 

(i) The degrees di and d 2 are the roots of the eguation 

t^ — {d— l)t + {d— Vf — r{C) = 0. 

In particular d = di +d 2 + l andriC) = {d—l)‘^ — did 2 and hence the pairs {d,T{C)) 
and {di,d 2 ) determine each other. 

(ii) mdr{f) = di, ct{f) = d di — 2 and st{f) = d d 2 — 3. 

(iii) ct{f) < d j < st{f) if and only if di — 2 < j < d 2 — 3, and for such j’s one 
has 

m{f)d+j = m{fs)d+j + 2 ^ ^ • 

In particular, one has 

t{C) = m{fs)d+d2-3 + 2 • 

(iv) Let U = F‘^ \ C. Then the Euler number E{U) of U is given by 

E{U) = t{C) - /i(C) + (di - l)(d2 - 1), 

where pi{C) is the total Milnor number of C. In particular, if C is irreducible one 
has E{U) > 1 and di > 1. 
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Note that for a line arrangement C in one has r(C') = hi{U) = d — 1 = 

di + d 2 and h 2 {U) = E{U) + (d — 1) — 1 = did 2 , the claims (i) and (iv) above are a 
very special case of Terao’s resnlts in |27]. See also I3D1 for a very good snrvey on 
free line arrangements. 


Proof. The definition of the degree di and d 2 is eqnivalent to the equality 


T{C){-l) = 0{-di)(B0{-d2). 


Then the first claim follows from Lemma 4.4 in [12] and the second claim follows 
from fl2.2p . Theorem 12.31 and the obvious fact mdr{f) = di. Note that di > 0 as 
C is not a pencil of lines. Hence d 2 — 2 < d — 4. Then equation fl2.6l) implies 
m{f)d+j = m{fs)d+j + ar{f)j+i for j <d-3. Since j < d 2 - 2, one has 


ar{f)j+i 


J — di + 3^ 


which completes the proof of (hi). To prove (iv), we use the formula 


(2.8) E(C') = 2-(d-l)(d-2)+/r(C'), 

see for instance [7]. Then we compute 

E{U) = E(P2) - E{C) = 3 - (2 - (d - l)(d - 2) + p(C)) 


and this yields the claimed formula using (i). The hnal claim is clear, since C 
irreducible is equivalent to bi{U) = 0. □ 


Remark 2.6. The equations d = di + d 2 + 1 and 

(d - 1)2 - dida = m{fs)d+d2-3 + ^ 

obtained from Theorem 12.51 do not impose restrictions on the integers 1 < di < d 2 , 
as they reduce to an identity involving di and di. 


The study of a large number of examples suggests the following conjecture. 
Conjecture 2.7. A plane curve C : / = 0 is free if and only if 

ct(f) + st(f) = T. 

The following result gives some restrictions on the total Tjurina number of an 
irreducible free curve. 


Theorem 2.8. Let C : f = 0 be an irreducible free divisor of degree d > 1. Then 
d > 5 and the following hold. 

(i) If d = 5, then C is rational and all singularities of C are cusps and weighted 
homogeneous. Moreover in this case di = d2 = 2 and t{C) = 12. 

(a) If d > 6, then C is either irrational, or C has at least one singularity which is 
either not a cusps or it is not weighted homogeneous. Moreover in this case one has 

^{d-lf <t{C) <d2-4d + 7, 

di > 2 and the integer A = 4r(C') — 3(d — 1)^ is a perfect sguare. 
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Proof. One has E{C) = &o(C') ~ + ^ 2 ( 0 ) = 2 — hi{C) < 2. It follows from fl2.8p 

that 

(2.9) /i(C') < (d-l)(h-2) 

and the eqnality holds if and only if C is rational and cuspidal as only then hiiC) = 0. 
On the other hand, one clearly has t(C') < /i(C') with equality if and only if all the 
singularities of C are weighted homogeneous. Lemma 4.4 in [12] imply that 

(2.10) AT{C)-?,{d-lf = u^ 

for u = d 2 — di. In particular, we get by putting everything together 

(2.11) j(<i-l)<^<<i-2. 

This clearly implies d > 5. If d = 5, then the two extreme terms coincide to 3, hence 
we should have equalities everywhere. This proves the claim (i) by using Theorem 

Assume now d > 5.Then di > 2 as shown in Theorem [23] (iv) and the obvious fact 
that t{C) = {d — 1)^ — did 2 is maximal (resp. minimal) when the difference ^2 — di 
is maximal i.e. when di = 2 (resp. minimal, i.e. when di = [{d — l)/2]) yields the 
claimed inequalities. 

□ 

Corollary 2.9. If C is a free irreducible curve, then C is rational cuspidal if and 
only if 

(di-l)(d2-l) =/i(C')-r(C') + l. 

In particular, a free rational cuspidal curve cannot have only weighted homogeneous 
singularities unless di = ^2 = 2, and hence d = 5. 

Proof. The proof follows from the fact that an irreducible curve C is rational cuspidal 
if and only if C is homeomorphic to P^, and this happens exactly when E{C) = T^(P^) 
which is equivalent to E{U) = 1. 

□ 

Remark 2.10. (i) As shown in Proposition 1.6 in [25] and mentioned in Remark 
4.7 in [12], the curve C : f = 0 has only weighted homogeneous singularities if and 
only if the Jacobian ideal Jf is of linear type. In particular, a rational cuspidal free 
divisor of degree d > 6 cannot have a Jacobian ideal Jf of linear type by Theorem 
12.81 This is the case with the family fll.ip . 

(ii) Note that the perfect square A can be zero for d odd, for instance for the degree 
13 curve Ci described in Proposition 13.61 and Example 14.41 which has t{Ci) = 108 
and for the curves described in Theorem 14.61 which have d = 2k + 1 and t(C') = 3/c^. 
In fact, with the notation from Theorem 12.51 we have A = (di — d 2 )^. For the family 
fll.ip one has T{Cd) = d^ — 4d + 7 (and this happens for any irreducible free curve 
with di = 2 as noticed above), hence both inequalities given in Theorem 12.81 fii) for 
r(C) are sharp. 

(iii) If C is not irreducible, then one has the following inequalities in analogy to 
those in Theorem 12.81 Note that E{C) < 2 is equivalent to E{U) = E(P^) — E{C) > 
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1. Hence in this case we also get di > 2, and the inequalities in Theorem 12.81 (ii) 
work unchanged. 

If E{U) = 0, then it is known that all the irreducible components of C are rational 
curves, see na, In this case we get from E{C) = 3 the inequality 

r(C) < /r(C') = (d - l)(d - 2) + 1. 

The equality t{C) = /i(C') = (d — l)(d — 2) + 1 implies as via Theorem 12.51 fiv). that 
di = 1. Hence the curve C admits a 1-dimensional symmetry group and such curves 
have been studied in [13]. In particular, there are free divisors among them, see 
Proposition 1.3 (2a) in [13]. Moreover, the corresponding symmetry group is semi¬ 
simple if d > 6 by [TB], the corresponding degree one syzygy can be diagonalized and 
hence the corresponding curves are among those studied in the third section of [2]. 
The subcase t{C) < (d — l)(d — 2) leads again to di > 2, and the inequalities in 
Theorem 12.81 (ii) work unchanged. 

Finally, if E{U) < 0, then any irreducible component Ci is a rational cuspidal 
curve and there is a unique point p such that Ci fl Cj = {p} for any i ^ j, i.e. the 
curve C is very special. We do not know which free divisors occur in this way, except 
the union of lines passing through one point. 

In conclusion, with the exception of the special cases listed here, one has t{C) < 
(P-Ad+7 even for a reducible free divisor C. 

Example 2.11. Let C* be a free divisor of degree d = 6 which is rational and 
cuspidal. It follows from Theorem 12.81 that C has some non weighted homogeneous 
singularity and moreover t{C) = 19. Let C be a free divisor of degree d = 7 which is 
rational and cuspidal. It follows from Theorem 12.81 that t(C') G {27,28} . However, 
all the examples of such curves coming from [TB], [22], [25] have t{C) = 28. On the 
other hand, there are free line arrangements of degree 7 having r = 27, for instance 
the line arrangement whose dehning polynomial is 

f = {x + z){x - z){y + z){y - z){x + y)ix - y)z. 

Similarly, let O be a free divisor of degree d = 8 which is rational and cuspidal. It 
follows from Theorem 12.81 that t{C) G (37,39), but all the examples of such curves 
coming from [16], [22], [25] have t{C) = 39. But there are free line arrangements of 
degree 8 having r = 37, for instance that dehned by the polynomial 

f = [x + z){x - z){y + z){y - z){x + y){x - y)yz. 

However, for d = 9 it follows from Theorem 12.81 that t{C) G (48,49,52), and the 
divisor Cg in Remark 13.31 has t(C' 9 ) = 52, while the curve Cg described in Theorem 
14.61 has 'r(C'i) = 48. Moreover, the free line arrangement given by 

/ = {x + z){x — z){y + z){y — z){x + y){x — y)xyz = 0 


has t{C) = 49. 
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3. Some classification results for rational cuspidal curves 

In this section we recall some of the classihcation results for rational cuspidal 
curves in First we consider the case of rational cuspidal curves of type {d, d — 2), 
following the work by Flenner-Zaidenberg [TB] and Sakai-Tono [22] • Note that a 
rational cuspidal curve of type (d, d — 2 ) may have as its ’’largest” cusp a cusp with 
the unique Puiseux characteristic pair (d — 1, d — 2), i.e. topologically equivalent to 
the cusp = 0, see Examples 14.11 and 14.31 below. Such a cups is called in 

the sequel a cusp of type (d — 1, d — 2). However, this largest cusp can also be a cusp 
with the unique Puiseux characteristic pair (d, d — 2) for d odd, i.e. topologically 
equivalent to the cusp u^’' + = 0, called a cusp of type (d, d — 2), see Theorem 

14.61 for an inhnite series of examples. 

In increasing number of cusp order, we have the following results. The case of one 
cusp is quite clear-cut, and it is described in [22] . 

Proposition 3.1. Let C be a rational cuspidal curve of type (d, d — 2) having a 
unique cusp. Then d is even and up to projective equivalence the equation of C can 
be written as 

f = (y‘=--+ “Vy+'-y - = 0 , 

where a^+i ^ 0 and d = 2k + 2 > A. 

The case of two cusps is more involved, and is described in [22] . 

Proposition 3.2. Let Cd '■ fd = 0 be a rational cuspidal curve of type (d, d — 2) 
having two cusp, let’s say qi of multiplicity d — 2 and q 2 of multiplicity < d — 2. Then 
one of the following three cases arises. 

(i) The germ (Cd, ^ 2 ) is a singularity of type A 2 d- 4 ., hence of multiplicity 2 and Milnor 
(or Tjurina) number 2d — 4. Then for each d > A, Cd is unique up to projective 
equivalence. 

(a) The germ {Cd,q 2 ) is a singularity of type Ad-i, with d odd. Up to projective 
equivalence the equation of Cd can be written as 

C:f = a,x^y’^-^)^y - = 0, 

i= 2 ^k 

where d = 2k + 1 > 5. 

(Hi) The germ {Cd, q 2 ) is a singularity of type A 2 j, with d even and 1 < j < (d —2)/2. 
Up to projective equivalence the equation of Cd can be written as 

Cd-.fd = {y'^^^z + = 0 , 

i=2,k+j+l 

where Ok+j+i ^ 0 , d = 2 k+ 2 j + 2 > 6 , k> 0 , j>l. 

Remark 3.3. To obtain the equations /d = 0 for the curves Cd in Proposition 
0(0, one can proceed as follows. Start with the equation for the cuspidal cubic 
C 3 : fz{x,y,z) = yz"^ — x^z + x^. For d > 4, to get the polynomial fd from the 
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previous polynomial fd-i, supposed already computed, we proceed as follows. First 
we perform the substitution in f^-i given by 

X ^ x‘^,y ^ xy, z ^ yz + ad-ix^-, 

with Orf-i the coefficient of x^~^ in fd-i, then we divide by x'^~^y and denote the 
resulting polynomial by fd- In other words 

fdix,y,z) = fd-iix‘^,xy,yz + ad-ix‘^)x~'^^^y~^. 

We get in this way 

C4 : f^ix, y, z) = {yz + x^f - x^z = 0, 

C 5 : y, z) = y{yz + x‘^Y + 2x^{yz + - x^z = 0 , 

Ce : {yz + 2x^Yy‘^ + 2{yz + 2x^)yx^ + {2yz + 5x^)x'^ — x^z = 0, 

These equations occur already in [22]. The next few curves in this family are the 
curves 

Ct : f-r = 14a;’^ + 14a;® 1 / + 20x^y‘^ + 25x'^y^ — x^z + 2x^yz + 2x^y‘^z + Ax^y^z + lOx'^y'^z 

+y^z‘^ = 0 , 

Cg ■ fs = 42a:® + ASx'^y + 81a;® 1 /^ + 140a:®?/® + 196x‘^y^ — x'^z + 2x^yz + 2x^y‘^z 

+4:x'^y^z + IQx^y'^z + 28x'^y^z + y^z"^ = 0 , 

(Tg : /g = 132a;® + 165a;®?/ + SOSa:^?/^ + 616a;®?/® + 1176x®?/^ + 1764a;^?/® - a;®z + 2x'^yz 

+2x^y^z + Ax^y^z + l^x'^y'^z + 28x^y^z + 8Ax‘^y^z + y'^z'^ = 0 , 

and hnally 

Cio : /lo = 429a;^® + 572a;®?/+1144a;®?/2 + 2496a;^?/® + 5460a;®?/^ + 11088x®?/® + 17424a;V 

—a;® 2 : + 2x^yz + 2x'^y‘^z + 4a:®?/®z + lOx^y^z + 28x‘^y^z + 84a:®?/®z + 264a:^?/^z + y^z^ = 0. 
The curve Cd '■ fd = 9 for 5 < d < 15 has di = 2, the corresponding relation being 

Z^dfd,x T Bdfd,y T Cdfd,z 0) 

with the coefficients Ad = {d — 2)x‘^ + 4(d — 3)a;?/, Bd = 2{d — l)xy — 4(2(i — 3)?/^, 
Cd = 2(i(2d—7)arf_ix^ —(d—l)(d— 2 )a; 2 :+ 2 ((i—2)(2d—3)?/z, and the coefficient ad-i as 
introduced above. It follows from Theorem [2]5] that d 2 = d—3 and T{Cd) = d^—4d+7. 

Now consider the case of three cusps, considered in [Tn|. One has the following 
result. 

Proposition 3.4. Let C be a rational cuspidal curve of type (d, d — 2) having three 
cusps. Then there exists a unique pair of integers a,b, a > b > 1 with a + b = d — 2 
such that up to projective equivalence the equation of C can be written in affine 
coordinates {x, y) as 

^ 2 a+iy 2 b+i _ _ yy-'i _ xyg{x, ?/))^ 


f{x,y) 


(x — yY ^ 
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where d>A, g{x,y) = ^h{x/y) and 

'*0= E 

k=0,d-3 

with aQ = 1, ai = a — \ and = ai(ai — 1) ■ ■ • (ai — fc + 1) for k > 1. 

Remark 3.5. The above results imply that the cuspidal rational curves in Propo¬ 
sition [32] (i) and Proposition 13.41 are projectively rigid, a fact explicitly discussed in 



Another classihcation problem is to hnd all the Puiseux pairs (a, h) such that there 
is a rational unicuspidal (i.e. k = 1) curve C in whose cusp has a unique Puiseux 
pair (a, h). The complete result is described in Theorem 1.1 in [IT], but here we just 
mention the cases ( 6 ) and (d) of this Theorem. See also P, section 2.3 and [T 8 ] . 
Corollary 11.4. 

Proposition 3.6. (i) The curve Cd '■ fd = {zy — x'^Y ~ xy‘^^~^ = 0 zs a rational 
unicuspidal plane curve of degree d = 2k for k > 2, with a unique Puiseux pair 

{kAk-l). 

(a) Let Qi be the Fibonacci numbers with oq = 0, ai = 1, aj +2 = Oj+i + %■ 
Then there is a rational unicuspidal plane curve Ck of degree 02^+5 for fc > 0, with 
a unique Puiseux pair ( 02 ^+ 3 , ci 2 A:+ 7 ) and whose defining affine equation is obtained 
as follows. Set P_i = y — x"^, Q_i = y, Pq = {y — — 2xy‘^{y — x^ -|- y^, 

Qo = y — x"^, G = xy — x^ — y^. Then define for any k > 0 recursively Qk = Pk-i 
and Pk = -|- Q\)/Qk-i. Then = 0 zs the defining affine equation for the 

curve Ck- 

4. New examples of irreducible free divisors 

Motivated by this Proposition 12.11 and by Remark 13.51 as well as the discussion in 
the Introduction, we now search for free divisors among the cuspidal rational curves 
listed in the previous section. We start with the rigid curves, and recall that a 
rational quartic is never a free divisor, see |25j . 

Example 4.1. The curves Cd, with 5 < d < 15 from Proposition 13.21 (z), whose 
equations are given in Remark 13731 are free divisors. Indeed, the condition If^d = Jf,d 
is in fact equivalent to the condition dimif d = dim Jf d as we have by dehnition Jf d C 
If d- And the equality of dimensions is easily checked using Singular, by computing 
the Hilbert functions associated to the graded rings S/Ij and M[f). Each of these 
curves Cd has two cusps, one of type (d — 1, d — 2) and the other of type (2, 2d — 3), 
i.e. a singularity A 2 d- 2 - Moreover di = 2 for all of them as shown in Remark 13.31 
and hence T{Cd) = d? — Ad+ 7 and p,{Cd) = (d — 2)(d — 3) -|- 2d — 2 = d^ — 3d -|- 4 
which is compatible with the formula in Corollary 12.91 

Example 4.2. The cuspidal rational curves of degree 6 have been classihed by 
Fenske, [12], who obtained 11 main cases. 

The 1-cuspidal curves in this classihcation fall into 3 classes: Ci (with subcases (a), 
(b), (c), (d)), C 2 (with subcases (a), (b)), C 3 (with subcases (a), (b), (c)). Among 
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these families, only the type C 3 (a) is free. It follows that the curve obtained for 
d = 6 in the family fll.ip belongs to this class. 

The 2-cuspidal curves fall into 6 classes: (with subcases (a), (b)), Cs, Cg, C 7 , 

C% and (Tg. Among these families, the types (b), Cs, Cq and (Tg are free. 

The two classes of 3-cuspidal curves are special cases of the curves discussed in 
Proposition 13.41 and Example 14.31 

All the free divisors above satisfy ct(/) = st{f) = 6 and t{C) = 19. To decide 
which divisors are free we use Singular computations, and for families involving 
parameters we use Lemma 1.1 in [25] . 

Example 4.3. The curves Cd from Proposition 13.41 for 5 < d < 10 are free divisors. 
This is proved by following the same approach as in the previous example. Moreover, 
in this case we have di = 2 and hence again T{Cd) = d^ — 4d + 7. The description of 
singularities in Proposition 13.41 implies that fi{C) = d^ — 3d + 2 for any (a, b). 

Example 4.4. (i) The curves Cd from Proposition 13.61 (i) for 6 < d = 2fc < 20 are 
free divisors with di = 2 and hence r(Crf) = d^ — 4d + 7. 

(ii) The curves Ck from Proposition 13.61 (ii) for 0 < fc < 3 are free divisors and 
have the following invariants. 

(0) The curve Cq has degree d = 5, t{C) = 12 , p(C) = 12 and di = 2 . 

( 1 ) The curve Ci has degree d = 13, t{C) = 108, /i(C') = 132 and di = 6 . 

(2) The curve C 2 has degree d = 34, r(C) = 823, /i(C') = 1056 and di = 14. 

(3) The curve C^, has degree d = 89, t{C) = 5889, = 7656 and di = 35. 

This is proved by following the same approach as in the previous example. 

It is natural to suggest the following conjecture. 

Conjecture 4.5. Any of the rational cuspidal curves described in Proposition 13.21 
(i). Proposition 13.41 and Proposition 13.61 is a free divisor if its degree d is at least 5. 

Next we present an inhnite series of irreducible free divisors obtained from the 
classification of rational cuspidal curves. This family of curves is a special case of 
the family described in Proposition 13.21 Hi). 

Theorem 4.6. The rational cuspidal curve 

C2k+i ■ f2k+i = + x^fy - = 0 

of type (2fc + l,2fc —1) has two cusps of type {2k + l,2k — l) and respectively (2fc + l,2) 
and is a free divisor for any k > 2. The corresponding Jacobian ideal is of 

linear type if and only if k = 2. Moreover T{C 2 k+i) = 3A;^, yi{C 2 k+i) = 2k{2k — 1) 
and di = d 2 = k. 

Proof. To prove that we have free divisors for any k we proceed as follows. We look 
at the syzygies among the partial derivatives fx, fy, fz and find that we have two 
such syzygies in degree fc, namely: 

(li) . O'xfx T ^yfy T (^zfz 0, 
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where + 2y^ ^z, ay = (4/c + 2)x^ — Akx^ — (Sk? — 2)y^ ^z, 

Oz = 4k(k — l)x^~^z + (8k^ — 4k^ — 2k + l)y^~^z^ and 

(L 2 ) : Kfx + byfy + bzfz = 0, 

where b^ = 0, by = —2y^ and b^ = x^ + {2k — l)y^~^z. It is clear that (ri) and 
(r 2 ) are linearly independent as 6^; = 0 and ^ {)■ Then we apply Lemma 1.1 and 
Proposition 1.8 in [25], exactly as in the proof of Proposition 2.2 in [25] . 

The Milnor number /i(C 2 fc+i) is computed using Corollary 12.91 and this implies 
that the largest cusp of C 2 fc+i has type {2k + 1,2/c — 1). Indeed, the other cusp is 
described in Proposition 13.21 (u) and we know that it has type {2k + 1,2), i.e. it is 
an 742fc-singularity with Milnor number 2k. □ 

References 

[ 1 ] M. Borodzik, C. Livingston, Heegaard Floor homology and rational cuspidal curves, 
arXiv:1304.1062.[2] 

[2] R.-O. Buchweitz, A. Conca, New free divisors from old, J. Commut. Algebra 5 (2013), no. 1, 
17-47. ITTOl 

[3] R.-O. Buchweitz, W. Ebeling, H.-C. Graf von Bothmer, Low-dimensional singularities with 
free divisors as discriminants. J. Algebraic Geom. 18 (2009), 371-406. [T] 

[4] A. D. R. Ghoudary, A. Dimca, Koszul complexes and hypersurface singularities, Proc. Amer. 
Math. Soc. 121(1994), 1009-1016. H 

[5] CoGoA-5 (15 Sept 2014): a system for doing Gomputations in Gommutative Algebra, available 
at http://cocoa.dima.unige.it [T] 

[6] W. Decker, G.-M. Greuel, G. Pfister and H. Schonemann. Singular 4-0-1 — A computer al¬ 
gebra system for polynomial computations, available at http://www.singular.uni-kl.de (2014). 

[I] 

[7] A. Dimca, Singularities and topology of hypersurfaces, Universitext, Springer-Verlag, New York, 
1992. [2] 

[8] A. Dimca, Syzygies of Jacobian ideals and defects of linear systems, Bull. Math. Soc. Sci. Math. 
Roumanie Tome 56(104) No. 2, 2013, 191-203. El [2] 

[9] A. Dimca, D. Popescu, Hilbert series and Lefschetz properties of dimension one almost complete 
intersections, arXiv:1403.5921.El El 

[10] A. Dimca, M. Saito, Graded Koszul cohomology and spectrum of certain homogeneous poly¬ 
nomials, arXiv:1212.1081v3. El 12.41 

[11] A. Dimca, G. Sticlaru, Koszul complexes and pole order filtrations, Proc. Edinburgh Math. 
Soc. doi:10.1017/S0013091514000182.E] 

[12] A. Dimca, E. Sernesi: Syzygies and logarithmic vector fields along plane curves, Journal de 
I’Ecole polytechnique-Mathematiques 1(2014), 247-267. El El El El 12.101 

[13] A. A. du Plessis and C. T. G.Wall, Curves in P^(C) with 1-dimensional symmetry, Revista 
Mat Complutense 12 (1999), 117-132. ETOl 

[14] J. Fernandez de Bobadilla, 1. Luengo, A. Melle-Hernandez, A. Nemethi, Classification of ra¬ 
tional unicuspidal projective curves whose singularities have one Puiseux pair, in: Real and 
Complex Singularities Sao Carlos 2004, Trends in Mathematics, Birkhauser 2006, pp. 31-45. |3] 

[15] T. Fenske, Rational 1- and 2-cuspidal plane curves, Beitrage Algebra Geom., 40(1999), 309-329. 

HE] 

[16] H. Flenner, M. Zaidenberg, On a class of rational plane curves, Manuscripta Math. 89(1996), 
439 - 459.ETT1E1E1E31 

[17] R. Gurjar, A. Parameswaran, Open surfaces with non-positive Euler characteristic, Compositio 
Math. 9909951.213-229. ETOl 














14 


ALEXANDRU DIMCA AND GABRIEL STICLARU 


[181 H. Kashiwara, Fonctions rationelles de type (0,1) sur le plan proiectif complexe, Osaka J. 
Math., 24 (1987), 521577. 1 

[19] J. Piontkowski, On the number of cusps of rational cuspidal plane curves. Experiment. Math., 
16(2007), 251-255. [1] 

[20] R. Nanduri, A family of irreducible free divisors in P^, arXiv:1305.7464.[Tl [T] 

[21] K. Saito: Theory of logarithmic differential forms and logarithmic vector helds, J. Fac. Sci. 
Univ. Tokyo Sect. lA Math. 27 (1980), no. 2, 265-291. [I] 

[22] F. Sakai, K. Tono, Rational cuspidal curves of type (d,d-2) with one or two cusps, Osaka J. 
Math. 37(2000), 405-415. [2Tll H H [Sj 

[23] E. Sernesi: The local cohomology of the Jacobian ring, Documenta Mathematica, 19 (2014), 
541-565. El [21 

[24] A. Simis, The depth of the Jacobian ringof a homogeneous polynomial in three variables, Proc. 
Amer. Math. Soc. 134(2005),1591-1598.E 1 

[25] A. Simis, S.O. Tohaneanu, Homology of homogeneous divisors, Israel J. Math. 200 (2014), 
449-487. 11 EIOl EH I4l 1421141 

[26] G. Sticlaru, Projective Singular Hypersurfaces and Milnor Algebras A computational approach 
to classical and new Invariants LAP LAMBERT Academic Publishing (2014). E 

[27] H. Terao, Generalized exponents of a free arrangement of hyperplanes and Shephard-Todd- 
Brieskorn formula. Invent, math. 63(1981), 159-179.1 

[28] J. Valles, Free divisors in a pencil of curves, arXiv:1502.02416. E 

[29] W. Veys, Structure of rational open surfaces with non-positive Euler characteristic. Math. 
Ann., 312(1998), 527-548.107)1 

[30] M. Yoshinaga, Freeness of hyperplane arrangements and related topics, Annales de la Faculte 
des Sciences de Toulouse, vol. 23 no. 2 (2014), 483-512.1 

Univ. Nice Sophia Antipolis, CNRS, LJAD, UMR 7351, 06100 Nice, France. 

E-mail address: dimca@unice.fr 

Faculty of Mathematics and Informatics, Ovidius University, Bd. Mamaia 124, 
900527 Constanta, Romania 

E-mail address: gabrielsticlaru@yahoo.com 








